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When supercooled water  is c rys ta l l ized  in a capil lary,  the ice is found to be strongly com-  
pressed [1]. A theory of maximum possible compress ion  is d iscussed for a rigid cyl indri-  
cal capi l lary  and its experimental  verif icat ion is presented.  

A phenomenon of s t rong compress ion  of ice in rapid nonequilibrium crysta l l iza t ion of supercooled wa- 
te r  in a capi l lary is described in [1]. The s t r e s ses  developed in this case are so large (up to 2 �9 108 N/m2),  
that they could cause local des t ruct ion of almost  any s t ruc tura l  mater ia l .  In view of the fact that this pheno- 
menon is of definite in teres t  for  pract ical  use, a special  investigation of this phenomenon was car r ied  out 
on a model of cyl indrical  capi l lar ies .  

We consider  a dead end cyl indr ical  capi l lary partially filled with water  f rom the end face (Fig. 1). 
Let the length of the column increase  on freezing.  Due to the effect mentioned above this length is smal le r  
than the length l 0 corresponding to the density of ice at the given tempera ture  and a tmospher ic  p res su re .  
We shall determine the maximum p re s su re  developing in the column and the minimum possible length Z. 
We make the following assumptions  which correspond fair ly closely to the conditions of the experiment:  1) 
the capi l lary is absolutely rigid, 2) l >> r.  Since the limiting shear  strength of ice is small  [2], even at 
p r e s s u r e s  of the o rde r  of 107 N / m  2 the p res su re  t ensor  in ice can be regarded close to spherical  and the 
internal  p r e s su re  in ice may be considered as a hydrostat ic  p re s su re .  In this case assumption 2) enables 
one to investigate the problem as a l inear one, assuming the p res su re  in each t r ansve r se  section of the 
column constant.  

We choose the origin and the direct ion of the x axis as indicated in Fig. 1. The element of length Ax 
of the column is acted on by the p res su re  difference ~rr2Ap balanced by the tangential force 27rrwXx. P a s s -  
ing on to the limit we can write 

0p 2 
= - -  ~, (1) 

ax r 

where T is a function of pressure and temperature. The temperature dependence of the force of adhesion 

of ice at atmospheric pressure has been studied repeatedly [3, 4]. In a limited temperature range near 

0~ it can be expressed by the formula 

= - -  kit , (2)  

- p. § ..\-- .. 
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Fig. 1. Diagram i l lustrat ing der iva -  
tion of formula  (1). 

where k 1 = const > 0, while for lower t empera tu res  

~ const = %. (3) 

The dependence 7(p) for t = const has not been invest i -  
gated by anyone. But it is just this dependence which is of 
interest  to us, since without knowing it the integration of (1) 
and a compar ison  of the theory with the experiment is not pos-  
sible.  Since the increase  of the p ressu re  on ice takes it c loser  
to the melting point and is analogous to the increase  of t e m -  
perature ,  it can be assumed that near  the melt ing p ressu re  
the dependence t-(p) is s imi lar  to (2) and canbe wr i t ten in the  form 
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Fig.  2. Dependence of the m a x i m u m  ave rage  
c o m p r e s s i o n  on the length of the column fo r  
the case  T = const ,  r = 2 .10  -G m,  t = - 1 0 ~  
a) ~0 = 3 " 1 0 3 ; b )  t - 10 -4 ;  e) 3.104 N / m  2. 

. . . .  

o c o  

% 

S 

-20 -iO 

- - ~ l - ~ w  r 3 
c Zw i 

-~ 0 

Fig.  3. Expe r imen ta l  t e m p e r a t u r e  depen-  
denee (from three  exper iments )  of the length 
of ice column in quar tz  g lass  cap i l l a ry  (r 
=2  ~:0.3"10 -Gin, l 0 = 4 . 4 ' 1 0  -2m) :  a) wa-  
t e r  at p = 0, b) ice I at P=Pt ,  c) ice t at p 
= 0 ,  

= k (Pt  - -  P) ,  (4)  

where k = const,  while at p r e s s u r e s  fa r  f r o m  Pt (3) is 
val id.  

The integration of Eq. (I) with the condition p = 0* 

at x = O  gives  

P =  2 ~ x ,  (5) 
r 

fo r  the case  (3), and 

P = P t  1- -exp  - - r - - x  , (6) 

fo r  the ease  (4). 

It i s  obvious physical ly  that  the m a x i m u m  p r e s s u r e  
in the ice in the cap i t Ia ry  cannot exceed Pt, s ince in such 
a t r ans i t ion  the p r e s s u r e  is r emoved  by a negative change 
of volume.  If (3) were  valid for  all  p, then accord ing  to 
(5) the value Pt will be attained for  

/ >/It = Ptr (7) 
2~o 

According to fo rmula  (6) Pt cannot be  at tained.  It is 
in te res t ing  to de te rmine  the conditions, in which it is 
genera l ly  poss ib le  to attain Pt in a cyl indr ical  cap i l l a ry .  
According to (1) this is poss ib le  in the ease  where  Zt, 

P t  

which is equal to r / 2  dp / r (p ) ,  is f inite.  It is c l e a r  

0 
that  if ice has  nonzero  adhes ion  s t rength  in the en t i re  

interval 0 ~ p -< Pt, then Pt is attainable; if ~(p) ~ 0 for p ~ Pt, then it is well known from analysis that the 
Pt 

in tegra t  ; dp/ ' r (p)  converges  only under  the condition 

o *(P) 2>C~>0 for P"+Pt ,  0 < 2 ~ < 1 ,  
(Pt  - -  P/" (8) 

where c and k are some constants. Condition (8) is the general condition for attainability of Pt in a cylin- 
drical capillary. 

*Here and below we disregard the atmospheric pressure for brevity, taking it arbitrarily equal to zero. 
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Fig .  4.  E x p e r i m e n t a l  and t h e o r e t i c a l  de -  
pendence Al / l  o (10): a ) r  = 2  : ~ 0 . 3 . 1 0 - ~ m ;  
b) r = 7.5 �9 0.5 �9 10-6 m;  1) f r o m  f o r m u i a  
(11), (12); 2) f r o m  f o r m u l a  (13); computed  
va lues  for  r = 2 . 1 0 - 6 m ;  7 0 = 5 " 1 0  3 N / m  2, 
k = % / P t ,  t = - t 0 ~  

In o r d e r  to  change o v e r  f r o m  the known d is t r ibu t ion  p(x) to  I it is n e c e s s a r y  to know the dependence  
p(p). In the l i t e r a tu r e  only the data  f o r  p = 0 and Pt a r e  avai lable  [2]. We have a s s u m e d  that  the dependence  
p(p) f o r  tee  is  of the f o r m  

P == Po + uP - -  [~p2, ~ (9) 

whe re  a and fi a r e  cons tan t  coef f i c ien t s  depending on t e m p e r a t u r e .  In o r d e r  to  find the th i rd  point on the 
c u r v e  p(p), whioh is  n e c e s s a r y  fo r  d e t e r m i n i n g  ~ and fi, we have a s s u m e d  that  the l i nea r  expans ion  coef f i -  
c ient  6 of  ice  f o r  p = 5.9 �9 107 N / m  2 in the  t e m p e r a t u r e  r ange  - 5  to - 1 0 ~  is equal  to  4 .10  -~ dog -1 (for p 
= 0 5 = 5.2 �9 10 -5 deg -1 [2]). This  a s s u m p t i o n  makes  it poss ib le  to descend  along an i s o b a r  f r o m  the point 
- 5 ~  on the me l t i ng  line of i ce  to the point on the cu rve  p(p) c o r r e s p o n d i n g  to - 1 0 ~  Even  though it is  
highly a r b i t r a r y ,  it cannot  in t roduce  a s igni f icant  e r r o r ,  s ince  the c o r r e c t i o n  in t roduced  fo r  the t h e r m a l  
expans ion  of ice  i s  gene ra l ly  sma l l .  Under  this a s s u m p t i o n  the fol lowing cons tan t s  of Eq.  (9) a r e  obtained 
f o r  - 1 0 ~  with p e x p r e s s e d  in N / m  2 and p in k g / m 3 : P 0  = 918.2, ~ = 2.15 "10 -7, fi = 1 .275.10-1 .  G 

Since the m a s s  fo r  a g iven  ice  c o l u m n  is  constant ,  f o r  a r ig id  cap i l l a ry  we can  wr i te  
I 

j' pdx = toPo- (10) 
0 

Combin ing  (10), (9), and (5) f o r  l --- l t we have 

M : / o - - l =  %l---~2 ( a - - 4  ~ - ~ l ) .  (11, 
Pot \ 3 

F o r  fi << ~ (which happens  in  ou r  ease) ,  c o n s i d e r i n g  that  A/<< 10, ins tead  of  (11) we can wr i te  

A _ ~ / ~  ~Tot o ( 11 ' )  

lo por 

F o r  the e a s e  l >> It ins tead  of (10) we m u s t  wr i te  
t (i0') 

loPo = ( l - -  It) P* + t' pdx, 
0 

which t o g e t h e r  with (9) and (5) leads  to 

A= 1 Po 
P, 

where  

At B 

1o Io 

p, rp, • , 

(12) 

The  comple te  g raph  of  the  dependence  (A///0)(/0)I c o n s t r u c t e d  f o r  t h r e e  d i f ferent  va lues  of T 0 f r o m  f o r -  
m u l a s  (11), (12) f o r  the c a s e  r = 2 - 1 0  -~ m,  t = - 1 0 ~  i s  shown in F ig .  2. The  ini t ia l  s e g m e n t s  of t h e c u r v e s  
a r e  a l m o s t  r e c t i l i n e a r ,  which c o r r e s p o n d s  to  (11'). A d iscont inui ty  of the c u r v e s  o c c u r s  at Al / l  o = 1.18 
�9 10 -~, which denotes  tha t  Pt is  a t ta ined.  The  subsequent  b e h a v i o r  of the c u r v e s  is  hyperbo l ic ,  c o r r e s p o n d i n g  
to (12). 
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Line I, corresponding to Al/l o = l-P0/p., is a common limit of the curves. In practice, however, 

even with the :fulfilment of (3) the curves of Al/[o(l o) cannot go above line 2 corresponding to the density of 
supercooled water at -1 0~ In general a physical limit of the relative compression of ice (averaged over 
the entire volume) in a rigid capillary is the region (shaded in Fig. 2; its lower boundary is undefined) cor- 
responding to the density of super cooled water, as without the application of an external active force the 
volume of the ice cannot become smaller than that of the liquid from which it is formed. The attainment of 

this limit is manifested in the fact that the freezing occurs without a change of the volume, which has been 
actually observed by us repeatedly inthe experiment in freezing of long columns at T < -30~ 

whe re 

Combining (10), (9), and (6) we get 

top o - -  lot  - -  aPnr 4~v (z + 2,~ - -  3) ( z -  1), (13) 

2kl  ~z 
z = e x p - - - - ;  y . - - - - - -  

r ~Pt 

Formula  (13) does not give the discoI~inuity in the dependence A l / l o ( l  o) and lira A l / l  o = 1 - P 0 / O t .  

Formulas  (11)-(13) have been derived for  the column in a dead-end capi l lary.  For  a column, which is 
free both ends and has a length L, the maximum length deficit Al/l o will be equal to the value of ~lflo for a 
column in a dead-end capillary of length L/2. 

For an experimental investigation of the dependence of Al/l o on /0, r, t we have used the procedure 
described earlier [I]. Certain changes are made in the equipment; a built-in low-inertia electric heater is 
used and the upper glass is electrically heated. The capillaries are drawn from prewashed tubes of opti- 
cally pure quartz glass and doubly distilled water is used for the experiments. The experiment is conducted 
in the following order: after measuring the length of the column of liquid in the capillary at 0 ~ it is f3:ozen 
(after appropriate supercooling) and then the length of the column of ice is measured as the temperature in- 
creases by 3-6~ 

On maintaining the capillary at a constant temperature after the next temperature increase the length 
of the ice column, while increasing, approaches the minimum possible value for the given temperature (we 
call it extremal) asymptotically. In order to shorten the time required to attain this length, after main- 
taining the capillary at a constant temperature for some time the temperature is lowered by stages through 

0.3-0.6~ until the length of the ice column practically remains unchanged on maintaining t = constant for 5 
rain (the reading accuracy of the eomparator is :~I �9 10 -6 m). The average temperature between the last 
points is taken as corresponding to the given (extremal) length of the column. 

The reproducibility of the experimental results for each column can be judged from Fig. 3, on which 
the results of different experiments with the same column in the liquid as well as solid state are plotted with 
different symbols. Plotted on the same figure are the lines corresponding to relative lengthening (volume 
changes) for water and ice at atmospheric pressure and ice I on the melting line; accurate data for the den- 
sity of ice I on the line of transition into ice IK and II are not known to us and tentatively it can be taken 
constant in the range -22 to -40 ~ 

The change in volume on freezing of one and the same column in different cases is different, but after 
a sufficient increase of temperature the lengths of the column measured in different experiments are prac- 

tically equal (Fig. 3). The segment of the curve [-lw/lw(t), on which the results of different experiments 
coincide, is taken as the segment in which the length of the ice column is extremal. 

In order to exclude the effect of small eonicity on the computed value of I 0 the length of the ice column 
at 0~ (after maintaining at a constant length) is taken corresponding to the normal density of ice at 0~ and 
1 aim. This point together with the length of the column of the liquid at 0~ is used as the datum. 

The overall experimental error is estimated as ~ 0.3-0.6~ in temperature. This accuracy is deter- 
mined not by the accuracy of measurement of temperature (:~0.2~ but by the accuracy of ag:eeement of the 
determined temperature of the given extremal length of the column. It should be noted that, after the growth 
of the column has been stopped by cooling to a certain temperature tl, a heating to a temperature t 2 > t i is 
generally required to resume its growth. In the present work as a rule, we determined the extremal length 
at the time when the grox~/ch stops, and not when it starts. We have not carried out a special investigation 
of this hysteresis. 
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Figure  4 p re sen t s  expe r imen ta l  r e su l t s  of de te rmina t ion  of A l / l  o at -10~  for  ice columns of different  
lengths in cap i l l a r i e s  with r = 2.0 -* 0.3 pm and 7.5 :~ 0 5 #m.  Each  point r e p r e s e n t s  the ave r age  value for  
the column of a given length, obtained in s eve ra l  expe r imen t s .  The dependence Al/lo(lo), computed f r o m  
fo rmu la s  (11), (12) (curve 1) and fo rmula  (13) (curve (2) f o r t = - 1 0 ~  r = 2  pm, T 0 = 5 . 1 0 3  N / m  2, k = T  O 
/Pt, i s  a lso  shown in the same  f igure .  The dashed line r e p r e s e n t s  the l imi t  of fo rmula  (13) for  -10~  

The l a rge  sp read  of the expe r imen ta l  points, and a lso  the s m a l l e r  d i f ference  between the cap i l l a r i e s  
r = 2 ~m and 7.5 #m than that expected  f r o m  fo rmulas  (11)-(13), is ,  in our opinion, mainly  due to nonidenti-  
cal  p r o p e r t i e s  of the s u r f a c e s  of different  cap i l l a r i e s ,  which in tu rn  is  due to different  reasons :  random 
conditions during the drawing of the cap i l l a r i e s ,  incidence of impur i t i e s  e tc .  The adhesion s t rength  has  a 
s t rong  dependence on the p rope r t i e s  of the surface;  for  example ,  it can change by an apprec iab le  f ac to r  de -  
pending on the nature  of the sur face  [4]. Small  deviations f r o m  cyl indr ic i ty  and var ia t ions  of the ave rage  
radius  for  different  cap i l l a r i e s  can  a lso  affect  the s c a t t e r .  

The expe r imen ta l  points for  the cap i l l a ry  with r = 2 pm lie c lose  to curve  2. This  leads to the con-  
c lus ion that  the force  of adhesion of ice to the wails  actual ly d e c r e a s e s  with the i nc rea se  of the p r e s s u r e  and 
the dependence ~-(p) is c lose  to (4). Using (4) we can e s t ima te  the m a x i m u m  p r e s s u r e  Pmax in the column 
f r o m  fo rmu la  (6). Thus,  fo r  l 0 = 10 -2 m we have Pmax ~ 4 �9 107 N / m  2 fo r  the capi l la ry  with r = 2 ~m (for 
the ass tuned value of k). 

The value ~0 = 5 �9 103 N / m  2 coincides i n  o rde r  of magnitude with the value % = 7 �9 103 N / m  2 obtained by 
Je l l inek  [4 ] fo r the  strength:  of adhes ion of ice to optical ly polished quar tz  g lass  for  ze ro  ra te  of d i sp lacement  
at -4 .5~  Consider ing the influence of the sur face  roughness  ment ioned above, it can be a s s e r t e d t h a t t h e r e  
is  a s a t i s f ac to ry  qual i ta t ive a g r e e m e n t  between the theory  and exper imen t .  

The r e su l t s  of our expe r imen t s  do not enable us to conclude whether  or  not condition (8) is sa t i s f ied  
fo r  t e m p e r a t u r e s  h igher  than tT; neve r the l e s s  the i r  nature  is  ce r ta in ly  in f avor  of nonfulfilment of this con- 
dition. Not even in a single case  did we obtain resu l t s  definitely indicating a c o m p r e s s i o n  exceeding the l imit  
of fo rmula  (13) fo r  t > tT .  Clear ly,  f r o m  Fig.  3, for  t < tT such c o m p r e s s i o n s  were  obtained repea ted ly .  
This  indica tes  that  a significant  par t  of the ice in the column ex i s t s  in the f o r m  of ice II or  III (compare  [1]) 
and, hence,  Pt is a t tained.  

r 

t 
tT = - 2 2  ~ 
l 

P 

Pt 
T 

p 

P0 
P ,  
~ l  = t o - t ;  

Pt 
lw 

1. 
2. 

3. 

4. 

NOTATION 

is the radius  of the cy l indr ica l  capi l lary;  
is the t e m p e r a t u r e ,  ~ 
is the t r ip le  point t e m p e r a t u r e  for  w a t e r - i c e  I - i c e  III; 
is the m i n i m u m  length of column of c o m p r e s s e d  ice fo r  a given t e m p e r a t u r e  t, having 
equi l ibr ium length I 0 at the s ame  t e m p e r a t u r e  t and at a t m o s p h e r i c  p r e s s u r e  a r b i -  
t r a r i l y  t aken  equal  to 0; 
is  the a v e r a g e  in te rna l  p r e s s u r e  in ice; 
is the p r e s s u r e  of ice  I - w a t e r  t r ans i t ion  (or ice I -~ ice I I I o r  lI t ransi t ion)  at ag iven t ;  
is  the spec i f ic  adhes ion s t rength  of ice to cap i l l a ry  walI; 
is the density of ice I at p, t; 
is the s ame  as p at p = 0 and t; 
is  the densi ty of wa te r  (or ice III o r  II) at  t and Pt; 

is the densi ty  of ice I at t, Pt; 
is  the length of column of wa te r  at 0~ 
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